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Class Problem Sets

The problems below illustrate the various proof techniques: direct proof, proof by contraposition, proof by
cases, and proof by contradiction (see the separate handout on proof techniques). For each of these proof
techniques there is at least one problem for which the technique is appropriate. For some problems, more
than one approach works; try to find the simplest and most natural method of proof. Unless you are
using a direct proof, state the method of proof you are using.

For the proofs you should use only the definitions and assumptions stated above; in
particular, do not use any results or notations from number theory that you may know. Pay
particular attention to the write-up. In all but the simplest cases, this requires doing some preliminary
scratch work before writing up a formal proof. Specifically, proceed in two stages as follows:

e Stage 1: Produce outline of argument. Begin with scratch work to come up with a “flow chart”
of the proof, showing the steps involved and their logical connections, with brief justifications for
each step. For this part, you can make liberal use of logical symbols (e.g., =) and abbreviations
(e.g., “def. of U").

e Stage 2: Produce proper write-up: Once you have a step-by-step outline of the argument,
convert it to a proper proof, using complete sentences and English words rather than logical sym-
bols (such as V, 3, =). Double-check your write-up to make sure that it makes both logical and
grammatical sense.

1. Sums and products of even/odd numbers. Prove the following statements:

(a) If n and m are both odd, then n + m is even.
(b) If n is odd and m is even, then n + m is odd.
)
)
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(d) If n and m are both odd, then nm is odd; otherwise, nm is even.

If n and m are both even, then n + m is even.

2. Even/odd squares: Prove the following:

(a) Let n be an integer. If n? is odd, then n is odd.
(b) Let n be an integer. If n” is even, then n is even.

(c) Let n be an integer. Then n? is odd if and only if n is odd.
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3. Cool application I: Sums of odd perfect squares. Can a sum of two perfect squares be another
perfect square? Sure; for example, 3% + 42 = 52 52 + 122 = 132, 62 + 8% = 10?, 72 + 242 = 252
However, no matter how much you try, you won’t find any examples in which the two perfect squares
on the left are both odd. Your task is to prove this, i.e.:

Prove that a sum of two odd perfect squares is never a perfect square.

(An interesting consequence of this result is that in any right triangle in which all sides have integer
length at least one of the two shorter sides must be of even length.)

4. Cool application, II: Quadratic equations with no integer/rational solutions:

(a) Prove the following:
If a, b, c are odd integers, then the equation ax® + bx + ¢ = 0 has no integer solution.
[This is the equation considered at the beginning of Chapter 2 of the text and it is a nice
illustration of the power of “parity arguments”. Don’t look up the solution in the text;
try to find it on your own.! For the proof, you may use any of the properties of sums and
products of even/odd integers established in Problem 1.]

(b) Prove that the above result remains true if “integer solution” is replaced by “rational solution”.

5. Cool application, III: Irrationality proofs: Prove that /2 is irrational.



