
ARML 2007 (NYC Practice Session) Power Question  60 Minutes 
The numbers in square brackets represent the point value for each item. 

ADDITION AND ANGLES OF TRIANGLES 
Definitions 

For any positive a, b, and c satisfying the following condition: bacba +<≤≤<0                 (*), 
we define T(a, b, c) as a triangle with sides a, b, and c. 

For any triangles T(a1, b1, c1) and T(a2, b2, c2) we define their sum T(a1, b1, c1) + T(a2, b2, c2) as triangle  
T(a1 + a2, b1 + b2, c1 + c2). 

Problems 
1.   a) Prove that triangle T(a, b, c) is acute (right, obtuse) if and only if 0222 >−+ cba  )0,0( <=  respectively. [2] 

b) Prove that for every triangle T(a, b, c) there exists an acute triangle T( cba ,, ).    [2] 

2.   a) Prove the correctness of the above definition of the sum of triangles, i.e. prove that for every two triangles T(a1, b1, c1) 
and T(a2, b2, c2) numbers a1 + a2, b1 + b2, and c1 + c2 satisfy the condition (*).      [2] 

b) Find an explicit error in the following “proof” without referring to any subsequent problem:  
Statement: The sum of two obtuse triangles could be an acute triangle. 
Proof: A triangle with sides 2, 3, 4 exists (0 < 2 ≤ 3 ≤ 4 < 2 + 3) and is an obtuse one (22 + 32 – 42 = –3 < 0, see the Problem 1). 
A triangle with sides 6, 6, 6 exists and is an equilateral one. An equilateral triangle is also an acute one (well-known fact, see 
also the Problem 1). Finally, the acute triangle T(6, 6, 6) is the sum of two obtuse triangles: T(2, 3, 4) and T(4, 3, 2). [2] 

3.   a) Prove that the sum of two right triangles is never an acute triangle.       [2] 
b) Prove that the sum of two obtuse triangles is always an obtuse triangle.      [2] 

4.   a) Provide an example that shows that the sum of a right and an acute triangles could be a right triangle.  [1] 
b) Provide an example that shows that the sum of two acute triangles could be a right triangle.    [1] 
c) Provide an example that shows that the sum of two right triangles could be a right triangle.    [1] 
d) Provide an example that shows that the sum of two acute triangles could be an obtuse triangle.   [1] 

5.   a) Prove that the sum of an acute and an equilateral triangles is always an acute triangle.    [1] 
b) Prove that the sum of a right and an equilateral triangles is always an acute triangle.    [1] 
c) Prove that for every obtuse triangle there exists an equilateral triangle such that their sum is a right triangle.  [2] 

6.   a) Prove that if the sum of two triangles is an isosceles triangle then both original triangles are isosceles.  [2] 
b) Prove that if the sum of two triangles is an equilateral triangle then both original triangles are equilateral.  [1] 
c) Is it true that the sum of two isosceles triangles is always an isosceles triangle? Justify your answer.   [1] 

7.   a) A triangle is represented as the sum of two triangles. Prove that if at least two of these three triangles are similar to 
each other then all three triangles are similar to each other.        [2] 

b) A right triangle is represented as the sum of two right triangles. Prove that all three right triangles are similar to each 
other.               [2] 

8.   a) Prove that an equilateral triangle cannot be represented as the sum of two triangles not similar to each other.  [1] 
b) Prove that every non-equilateral triangle could be represented as the sum of two triangles not similar to each other. [3] 

9.   a) Provide an example of a triangle that is represented as the sum of two other triangles, and the greatest angle of the first 
triangle is greater than the greatest angle of the second and third triangles.      [1] 

b) A triangle is represented as the sum of another triangle and an equilateral triangle. Prove that the greatest angle of the 
first triangle is not greater than the greatest angle of the second and third triangles.     [3] 

10. A triangle is represented as the sum of two other triangles, and the greatest angles for each of these three triangles are the 
same. Prove that all three triangles are similar to each other.        [4] 



ARML 2007 (NYC Practice Session) Power Question  60 Minutes 
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ADDITION AND ANGLES OF TRIANGLES 

Answers and Solutions 

1.   a) [2] A type of a triangle T(a, b, c) (acute, right, obtuse) depends on its greatest angle (γ) that is opposite to its 
greatest side (c), namely a triangle is acute (right, obtuse) if and only if its greatest angle is less then (equal to, greater than) 
π/2. Since the triangle’s greatest angle is always between 0 and π, the above conditions γ < π/2 (= π/2, > π/2) are equivalent 

to cos γ > 0 (= 0, < 0). Since 
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)0,0( <=  respectively. 

b) [2] By definition of T(a, b, c), numbers a, b, and c satisfy the condition (*): bacba +<≤≤<0 . Let’s 
consider numbers ccbbaa === 111 ,, . It is obvious that 1110 cba ≤≤< . To prove existence of T(a1, b1, c1), we just 
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1 <−+=−+ cbacba , T(a1, b1, c1) is an acute triangle (according to the Problem 1a). 

2.   a) [2] Let’s consider two triangles T(a1, b1, c1) and T(a2, b2, c2). Numbers a1, b1, c1, and a2, b2, c2 satisfy the 
condition (*): 111110 bacba +<≤≤< , 222220 bacba +<≤≤< . By adding these inequalities we prove that numbers  
a1 + a2, b1 + b2, and c1 + c2 also satisfy the condition (*): 

)()()()(0 21212211212121 bbaababaccbbaa +++=+++<+≤+≤+< . 

b) [2] T(4, 3, 2) is not defined! T(a, b, c) is only defined for numbers a, b, and c that satisfy condition (*). 

3.   a) [2] Let’s consider two right triangles T(a1, b1, c1) and T(a2, b2, c2), 2
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Problem 1a). Let’s assume that the sum of these two right triangles is an acute triangle T(a1 + a2, b1 + b2, c1 + c2). According 
to the Problem 1a, 2
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This contradiction shows that our original assumption (the sum of these two right triangles is an acute triangle) was wrong. 

b) [2] Let’s consider two obtuse triangles T(a1, b1, c1) and T(a2, b2, c2), 2
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the Problem 1a). Let’s assume that the sum of these two obtuse triangles is a non-obtuse triangle T(a1 + a2, b1 + b2, c1 + c2). 
According to the Problem 1a, 2
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obtuse triangles is a non-obtuse triangle) was wrong. 
4.   a) [1] T(3, 4, 5) + T(3, 8, 8) = T(5, 12, 13), 0 < 3 ≤ 4 ≤ 5 < 3 + 4, 32 + 42 = 52, 0 < 3 ≤ 8 ≤ 8 < 3 + 8, 32 + 82 > 82,  
0 < 5 ≤ 12 ≤ 13 < 5 + 12, 52 + 122 = 132. According to the Problem 1a, T(3, 4, 5) and T(5, 12, 13) are right triangles, and  
T(3, 8, 8) is an acute one. 

b) [1] T(3, 4, 4.9) + T(3, 8, 8.1) = T(5, 12, 13), 0 < 3 ≤ 4 ≤ 4.9 < 3 + 4, 32 + 42 > 4.92, 0 < 3 ≤ 8 ≤ 8.1 < 3 + 8,  
32 + 82 > 8.12, 0 < 5 ≤ 12 ≤ 13 < 5 + 12, 52 + 122 = 132. According to the Problem 1a, T(3, 4, 4.9) and T(3, 8, 8.1) are acute 
triangles, and T(5, 12, 13) is a right one. 

c) [1] T(3, 4, 5) + T(6, 8, 10) = T(9, 12, 15), 0 < 3 ≤ 4 ≤ 5 < 3 + 4, 32 + 42 = 52, 0 < 6 ≤ 8 ≤ 10 < 6 + 8,  
62 + 82 = 102, 0 < 9 ≤ 12 ≤ 15 < 9 + 12, 92 + 122 = 152. According to the Problem 1a, T(3, 4, 5), T(6, 8, 10), and T(9, 12, 15) 
are right triangles. 

d) [1] T(3, 4, 4.95) + T(5, 12, 12.95) = T(8, 16, 17.9), 0 < 3 ≤ 4 ≤ 4.95 < 3 + 4, 32 + 42 > 4.952,  
0 < 5 ≤ 12 ≤ 12.95 < 5 + 12, 52 + 122 > 12.952, 0 < 8 ≤ 16 ≤ 17.9 < 8 + 16, 82 + 162 < 17.92. According to the Problem 1a, 
T(3, 4, 4.95) and T(5, 12, 12.95) are acute triangles, and T(8, 16, 17.9) is an obtuse one. 



5.   a) [1] Let’s consider an acute triangle T(a, b, c), 222 bac +<  (according to the Problem 1a). For any equilateral 
triangle T(x, x, x) we obtain 0)(2)()()()( 2222222 >−+++−+=+−+++ cbaxxcbaxcxbxa . According to the 
Problem 1a, triangle T(a, b, c) + T(x, x, x) is an acute one. 

b) [1] Let’s consider a right triangle T(a, b, c), 222 bac +=  (according to the Problem 1a). For any equilateral 
triangle T(x, x, x) we obtain 0)(2)()()()( 2222222 >−+++−+=+−+++ cbaxxcbaxcxbxa . According to the 
Problem 1a, triangle T(a, b, c) + T(x, x, x) is an acute one. 

c) [2] Let’s consider an obtuse triangle T(a, b, c), 222 bac +>  (according to the Problem 1a). We want the sum of 
this triangle and an equilateral triangle T(x, x, x) to be a right triangle: +−+=+−+++ )()()()( 222222 cbaxcxbxa  

0)(22 =−+++ cbaxx . The previous condition is equivalent to 222222 )()( dbacddx >−−+=+ , where  

d = (a + b – c) > 0, and this equation has a positive solution 0)( 2222 >−−−+= dbacdx . 

6.   a) [2] Let’s consider two triangles T(a1, b1, c1) and T(a2, b2, c2), 1110 cba ≤≤< , 2220 cba ≤≤< , and the sum 
of these two triangles is an isosceles triangle T(a1 + a2, b1 + b2, c1 + c2). Since 2121210 ccbbaa +≤+≤+< ,  
T(a1 + a2, b1 + b2, c1 + c2) is an isosceles triangle if and only if 2121 bbaa +=+  or 2121 ccbb +=+ . Let’s consider the first 
condition (similar reasoning could be applied to the second one). We have 11 ba ≤ , 22 ba ≤ , and 2121 bbaa +=+ . It implies 

11 ba =  and 22 ba =  (otherwise 2121 bbaa +<+ ), so both triangles T(a1, b1, c1) and T(a2, b2, c2) are isosceles ones. 

b) [1] Let’s consider two triangles T(a1, b1, c1) and T(a2, b2, c2), 1110 cba ≤≤< , 2220 cba ≤≤< , and the sum of 
these two triangles is an equilateral triangle T(a1 + a2, b1 + b2, c1 + c2), 212121 ccbbaa +=+=+ . We have 111 cba ≤≤ , 

222 cba ≤≤ , and 212121 ccbbaa +=+=+ . It implies 111 cba ==  and 222 cba ==  (otherwise 2121 bbaa +<+  or 

2121 ccbb +<+ ), so both triangles T(a1, b1, c1) and T(a2, b2, c2) are equilateral ones. 

c) [1] The sum of two isosceles triangles is not always an isosceles triangle: T(2, 2, 3) + T(2, 3, 3) = T(4, 5, 6), 
triangles T(2, 2, 3) and T(2, 3, 3) are isosceles, and triangle T(4, 5, 6) is not isosceles. 

7.   a) [2] Let’s note that T(a1, b1, c1) ~ T(a2, b2, c2) if and only if 
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corresponding ones, the longest sides are the corresponding ones, and the middle sides are the corresponding ones). Let’s 
consider three triangles: T(a1, b1, c1), T(a2, b2, c2), and their sum T(a1 + a2, b1 + b2, c1 + c2); and two of these two triangles are 
similar to each other. There are logically two cases: the first two triangles are similar to each other, or one of them is similar 

to the third triangle. If T(a1, b1, c1) ~ T(a2, b2, c2), then 111,
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i.e. the third triangle is similar to the first one, and all three triangles are similar to each other. If  

T(a1, b1, c1) ~ T(a1 + a2, b1 + b2, c1 + c2), then 
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, i.e. the 

second triangle is similar to the first one, and all three triangles are similar to each other. 

b) [2] Let’s note that T(a1, b1, c1) ~ T(a2, b2, c2) if and only if 
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corresponding ones, the longest sides are the corresponding ones, and the middle sides are the corresponding ones). Let’s 
consider three right triangles: T(a1, b1, c1), T(a2, b2, c2), and their sum T(a1 + a2, b1 + b2, c1 + c2). According to the Problem 1a, 
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abababbaababa ==−=+ . Since both triangles T(a1, b1, c1) and T(a2, b2, c2) are right ones with 

hypotenuses c1 and c2 respectively, they are similar to each other. According to the Problem 7a, all three triangles are similar 
to each other. 



8.   a) [1] If an equilateral triangle is represented as the sum of two triangles, these two triangles are also equilateral 
(according to the Problem 6b). But all equilateral triangles are similar to each other (all their angles are equal), therefore an 
equilateral triangle cannot be represented as the sum of two triangles not similar to each other. 

b) [3] Let’s consider a non-equilateral triangle T(a, b, c). Numbers a, b, and c satisfy the condition 
(*): bacba +<≤≤<0 , and also c > a since this triangle is not an equilateral one. Let’s select x > 0, x < a, x < (a + b – c), 
and consider “triangle” T(a – x, b – x, c – x) and equilateral triangle T(x, x, x). Triangle T(a – x, b – x, c – x) exists since 
numbers a – x, b – x, and c – x satisfy the condition (*): =−−+<−≤−≤−< xxbaxcxbxa )(0  )()( xbxa −+−= . 
Triangle T(a – x, b – x, c – x) is not an equilateral one since xcxa −<− , and therefore it is not similar to an equilateral 
triangle T(x, x, x). Finally, an arbitrary non-equilateral triangle T(a, b, c) is represented as the sum of two triangles  
T(a – x, b – x, c – x) and T(x, x, x) that are not similar to each other. 

9.   a) [1] We can take an example from the Problem 4d in which the sum of two acute triangles is an obtuse triangle. 
The greatest angle of two acute triangles is less than π/2, and the greatest angle of an obtuse triangle is greater than π/2, so 
the greatest angle of the sum of these two triangles is greater than the greatest angle of both triangles. 

b) [3] Let’s consider a triangle T(a, b, c) and an equilateral triangle T(x, x, x). The first triangle’s greatest angle (γ) 
is opposite to its greatest side (c). Let’s also consider their sum T(a + x, b + x, c + x), its greatest angle is opposite to its 
greatest side (c + x). We want to prove that the greatest angle of T(a + x, b + x, c + x) is not greater than the greatest angle of 
T(a, b, c) and T(x, x, x). The greatest angle of T(x, x, x) is π/3, and the greatest angle of T(a, b, c) is at least π/3 (otherwise all 
its angles would be less than π/3, and their sum (π) would be less than π/3 + π/3 + π/3 = π). Therefore, the greatest angle of 
T(a, b, c) and T(x, x, x) always has the same value as the greatest angle of T(a, b, c), and we want to prove that the greatest 

angle of T(a + x, b + x, c + x) is not greater than the greatest angle of T(a, b, c). 
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0)()))(0())()((( 2 ≥−+++−++−= ababbabcbabc . Since cba ≤≤<0 , x > 0, all the inequalities above are true. 

10. [4]  Let’s consider three triangles T(a1, b1, c1), T(a2, b2, c2), and T(a3, b3, c3). Let the third triangle be represented 
as the sum of the first two triangles ( 213213213 ,, cccbbbaaa +=+=+= ), and all these three triangles have the same 
greatest angles (i.e. angles that are opposite to their longest sides) with value γ. Let’s draw angle AOB with value γ, and put 
points A1, A2, and A3 on [OA) and B1, B2, and B3 on [OB): |OA1| = a1, |OA2| = a2, |OA3| = a3, |OB1| = b1, |OB2| = b2, |OB3| = b3, 
therefore |A1B1| = c1, |A2B2| = c2, |A3B3| = c3. From the conditions above we obtain 

213213213213 ,,, OBOBOBOAOAOAOBOBOBOAOAOA +=+=+=+= , and therefore 

 2211221121213333 )()()()( BABAOAOBOAOBOAOAOBOBOAOBBA +=−+−=+−+=−= . From the other side, 

|||||| 221121333 BABAcccBA +=+== , so vectors 2211 , BABA  and 33BA  are collinear, and therefore triangles A1OB1 
(T(a1, b1, c1)), A2OB2 (T(a2, b2, c2)), and A3OB3 (T(a3, b3, c3) are similar to each other. 


